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Abstract – We study separatively the quasinormal modes (QNM) of electromagnetic perturba-
tions around three-dimensional anti-de Sitter(AdS) black holes in Jordan and Einstein frames,
which are related by the conformal transformations and a redefinition of a scalar field. We find
that, in the Jordan frame, the imaginary parts of QNM frequencies can reflect the thermodynam-
ical stabilities of hairy black holes, including the possible phase transition between the hairy black
hole and BTZ black hole, disclosed by examining the corresponding free energies. Similar results
are also uncovered in the Einstein frame. The obtained results further support that the QNM can
be a dynamic probe of the thermodynamic properties in black holes.
Introduction. – In black hole physics there is a fa-
mous no hair theorem. In general, the no-hair theorem
rules out the black holes coupled with a scalar field in
asymptotically flat spacetimes [1–3], because the scalar
field can diverge on the horizon and make the black hole
become unstable [4]. The dawn of constructing a black
hole with scalar hair broke on the horizon when a negative
cosmological constant was taken into account. For exam-
ple, AdS black holes with scalar hair in the scalar-tensor
theories (STT) have been respectively constructed in three
dimensional [5–10] and higher dimensional spacetimes
[11–19]. Thermodynamically, AdS black holes with scalar
hair are very interesting. It was observed that static black
hole with minimally coupled scalar field hair can trans-
form to static BTZ black hole in three dimensional AdS
spacetimes [20, 21]. A second order phase transition was
disclosed to occur between the four-dimensional AdS black
hole with a minimally coupled scalar field hair (Martinez-
Troncoso-Zanelli(MTZ) black hole) and the topological
black hole with hyperbolic horizon (TBH) [11, 20]. Fur-
thermore, phase transitions among charged TBH, charged
MTZ black holes [14,22] and other exact hairy black hole
solutions [17] in the four-dimensional AdS spacetimes were
also uncovered. It is of great interest to generalize the dis-
cussions and find more examples on the relation between
the dynamical physical phenomenon and its correspond-
ing thermodynamic properties. In particular, the discus-
sion for a rotating black hole in the STT is still lack. In
this work, we will concentrate our attention on the rotat-
ing hairy AdS black holes in the three-dimensional STT,
which was recently reconstructed in [23, 24].
On the other hand, there exist two versions of STT: one
version is on the Einstein frame and the other is on the
Jordan frame, which can be related to the former by a
conformal transformation. One may have a nonminimally
coupled scalar in the Jordan frame, while one may have a
minimally coupled scalar in the Einstein frame. Here we
want to ask whether the intriguing thermodynamical re-
lation between the rotating hairy black holes and rotating
BTZ black holes in AdS spacetimes can be reflected in dy-
namical properties so that it can have some observational
signatures to be detected in the both frames. This is our
main purpose here. Considering that quasinormal modes
of dynamical perturbations are characteristic sounds of
black holes, we expect that the black hole phase tran-
sitions can be imprinted in the dynamical perturbations
in their surrounding geometries through frequencies and
damping times of the oscillations. In the last few decades
there have been extensive research [25–32], where the re-
lations between thermodynamical phase transitions and
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dynamical perturbations have been discussed. Besides,
we will further discuss the static hairy black holes within
both frames.
The paper is organized as follows: in the next section,
we review the thermodynamical properties of hairy black
holes, including the possible phase transitions between the
hairy black hole and BTZ black holes in the Jordan and
Einstein frames. In the third section, we will disclose that
this phase transition can be numerically reflected by the
QNM frequencies of perturbations in both frames. We
complete the paper with conclusions and discussions in
the fourth section.
Thermodynamics of three dimensional AdS
Black holes with scalar hair. – In this section, we
consider the thermodynamics of hairy black holes in the
Einstein and Jordan frames. The action in Einstein frame
is given by [23]
I =
1
2
∫
d3x
√−g (R−∇µφ∇µφ− 2V (φ)) , (1)
where φ(r) is the scalar field and the scalar potential V (φ)
takes the form
V (φ) = − 1l2 cosh6
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1
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√
2
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+ 1l2
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)
sinh6
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2
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(
1
2
√
2
φ
)
cosh6
(
1
2
√
2
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) [
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2
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−5 tanh4
(
1
2
√
2
φ
)
+ 10 tanh2
(
1
2
√
2
φ
)
− 9
]
(2)
with the parameters µ, α, and l related to the negative
cosmological constant Λ = − 1l2 . Using a particular confor-
mal factor of the form gˇµν = Ω
2gµν and Ω = cosh
2(
√
8φ),
and defining a new scalar field φˇ(r) =
√
8 tanh(
√
8φ) and
scalar potential U(φˇ) = V (φ)Ω−3, the action above can be
transformed into the corresponding action in the Jordan
frame [24]
I = 1
2
∫
d3x
√
−gˇ(Rˇ− 2Λ− gˇµν∇µφˇ∇ν φˇ
−1
8
Rˇφˇ2 − 2U(φˇ)) (3)
with
U(φˇ) =
1
512
(
1
l2
+ µ
)
φˇ6
+
α2
(
φˇ6 − 40φˇ4 + 640φˇ2 − 4608) φˇ10
512(φˇ2 − 8)5 . (4)
In the Jordan frame. The action (3) above admits the
following solution [24]
ds2 = −f(r)dt2 + f(r)−1dr2 + r2 (dϕ+ ω(r)dt)2 ,(5)
f(r) = µB2
(
3 +
2B
r
)
+
(3r + 2B)
2
α2B4
r4
+
r2
l2
,
ω(r) = −αB
2 (3r + 2B)
r3
. (6)
Here the parameter B is related to the scalar field
φˇ(r) = ±
√
8B
r +B
. (7)
For this rotating hairy black hole, the mass and angular
momentum can be calculated by adopting the Brown-York
method [33]. The quasilocal massm(r) at r takes the form
[34–36]
m(r) =
√
f(r)E(r) − j(r)ω(r), (8)
where E(r) = 2(
√
f0(r)−
√
f(r)) is the quasilocal energy
at r and j(r) = dω(r)dr r
3 is the quasilocal angular momen-
tum. Here, f0(r) =
r2
l2 is a background metric function
that determines the zero of the energy. As a result, the
mass and angular momentum of the black hole can be ob-
tained as
M ≡ lim
r→∞
m(r) = −3µB2, J ≡ lim
r→∞
j(r) = 6αB2. (9)
Thus the black hole metric coefficient [Eq. (5)] can be
rewritten as
f(r) = −M
(
1 +
2B
3r
)
+
r2
l2
+
(3r + 2B)
2
J2
36r4
.(10)
The condition −µ ≥ 2αl is needed to protect the cosmic
censorship, which puts the constraint MJ ≥ 1l for this black
hole.
From f(r+) = 0, the horizon radius r+ can be expressed
as r+ = B × θ, where θ is related to the parameters µ, α
and l [24]. Below, we set l = 1 for simplicity. Then the
mass, temperature, heat capacity, angular momentum and
entropy of the rotating hairy black hole are obtained as
M =
J2 (2 + 3θ)
2
+ 36r4+θ
2
12r2+θ (2 + 3θ)
,
T =
(1 + θ)
[
36r4+θ
2 − J2(2 + 3θ)2]
24pir3+θ
2 (2 + 3θ)
,
C =
32pi2r4+θ (2 + 3θ)T
(1 + θ)2
[
12θ2r4+ + J
2 (2 + 3θ)
2
]
J =Ma, a = −2α
µ
, S =
4piθr+
1 + θ
. (11)
In addition, by introducing a family of locally nonrotat-
ing observers, the angular velocity for these observers that
move on orbits with constant r is given by [37, 38]
Ω = − gtψ
gψψ
= −ω(r) = (3r + 2B)J
6r3
. (12)
When approaching the black hole horizon, the angular ve-
locity Ω+ turns out to be
Ω+ = −ω(r+) = (3r+ + 2B)J
6r3+
=
(2 + 3θ)J
6θr2+
. (13)
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Combining these quantities, M , T , and Ω+, we can verify
that the first law of thermodynamics holds in this case
dM = TdS +Ω+dJ (14)
and the Smarr relation can be found
M − Ω+J = 1
2
TS. (15)
In general, thermodynamical stabilities can be disclosed
by examining the free energy. It has the following expres-
sion in the canonical ensemble (fixed J)
Fr =M − TS =
J2 (2 + 3θ)
2 − 12r4+θ2
4r2+θ (2 + 3θ)
. (16)
Here the subscript “r” denotes the rotating black hole.
Firstly, we consider the static case (J = 0). Using the
relation (11), the free energy of the static hairy black hole
can be written as
Fs = −θ(2 + 3θ)
3(1 + θ)2
(2piT )2 = −ξ(θ)(2piT )2. (17)
Here the subscript “s” denotes the static black hole. It
is easily verified that ξ(θ) is a monotone increasing func-
tion of θ because of dξ(θ)dθ > 0. Therefore the free energy
Fs becomes more negative with the increasing of θ, so
that this static hairy black hole becomes more stable, see
fig. 1(a). For a rotating hairy black hole, we can rewrite
eqs. (11)(16) as
T =
Fr
√
F 2r + 3J
2 − F 2r − J2√
2ξ(θ)(
√
F 2r + 3J
2 − Fr)3/2
≡ Υ(Fr, J)√
ξ(θ)
. (18)
Consider the function Υ(Fr, J), we obtain
∂Υ(Fr ,J)
∂Fr
=
2Fr
√
F 2r+3J
2−(2F 2r+3J2)
2
√
2pi
(√
F 2r+3J
2−Fr
)
5/2 < 0, (19)
∂Υ(Fr,J)
∂J =
J
(√
F 2r+3J
2−Fr
)
2
√
2pi
(√
F 2r+3J
2−Fr
)
5/2 > 0, (20)
which imply that Υ(Fr, J) is a monotone increasing func-
tion of J or a monotone decreasing function of Fr. Con-
sequently, the free energy Fr with any fixed temperature
T will reach smaller values when taking smaller values of
J or larger values of θ because of the monotone increas-
ing function ξ(θ) of θ, or vice versa. These properties
are shown in fig. 1(b)(c). In addition, the function ξ(θ)
increases more quickly than Υ(Fr, J) of J on account of
d2Υ(Fr,J)
dJ2 < 0 and
d2ξ(θ)
dθ2 > 0.
Another solution of this theory is the rotating BTZ
black hole, which is obtained from the action (3) provided
that φˇ(r) = 0. The corresponding metric is
ds2 = −f(ρ)dt2 + f(ρ)−1dρ2 + ρ2 (dϕ+Ω(ρ)dt)2 ,(21)
f(ρ) = −Mˆ + ρ2 + Jˆ24ρ2 , Ω(ρ) = − Jˆ
2
2ρ2 . (22)
The thermodynamic quantities in the canonical ensem-
ble(fixed J), such as the temperature, mass, heat capacity,
entropy, angular velocity and free energy of the rotating
BTZ black hole are given by
Mˆ = ρ2+ +
Jˆ2
4ρ2+
, Ωˆ+ =
Jˆ
2ρ2+
, Sˆ = 4piρ+,
Tˆ =
4ρ4+ − Jˆ2
8piρ3+
, Cˆ =
32pi2ρ4+T
4ρ4+ + 3Jˆ
2
, (23)
Fˆr =
3Jˆ2 − 4ρ4+
4ρ2+
. (24)
We can also rewrite eq. (24) into
Tˆ =
Fˆr
√
Fˆ 2r + 3Jˆ
2 − Fˆ 2r − Jˆ2
√
2(
√
Fˆ 2r + 3Jˆ
2 − Fˆr)3/2
= Υˆ(Fˆr, Jˆ). (25)
Clearly, the function Υˆ(Fˆr, Jˆ) shares the same form as the
function Υ(Fr, J), whose function characteristic has been
discussed above.
Notice that the specific heat (eq. (11)) of the hairy black
hole is always positive, which means that the scalar black
hole can always reach thermal equilibrium with a heat
bath. Moreover, a BTZ black hole with a vanishing scalar
field can also be at equilibrium with the heat bath. This
raises the question of whether the hairy black hole could
decay into the BTZ black hole. In order to find possible
phase transition between the hairy and undressed states,
we introduce the matching for the temperature T = Tˆ and
angular momentum J = Jˆ , and obtain
Υˆ(Fˆr, J) =
Υ(Fr, J)√
ξ(θ)
. (26)
Taking into account 0 <
√
ξ(θ) < 1, we can obtain
Υˆ(Fˆr, J) > Υ(Fr, J)⇒ Fˆr < Fr . (27)
This indicates that, with same temperature T and angu-
lar momentum J , the rotating BTZ black hole always has
smaller free energy which is a thermodynamically more
preferred phase compared to the rotating hairy black hole.
More importantly, this conclusion is universal and irrele-
vant to any specific positive values of J and θ. Thus,
there exists a possible phase transition for this rotating
hairy black hole to become rotating BTZ black hole, pro-
vided that there are some thermal fluctuations. In static
case, we can directly calculate the difference of free ener-
gies from eqs. (17)(24)
∆Fs = Fs − Fˆs = 3 + 4θ
3(1 + θ)2
(2piT )2. (28)
Since the constant θ always remains positive [24], we have
∆Fs > 0, namely Fs > Fˆs. So, the static BTZ black hole
is more thermodynamically preferred. When θ → +∞,
∆Fs approaches zero, then the free energies of two black
holes become consistent.
p-3
De-Cheng Zou et al.
0.02 0.04 0.06 0.08 0.10 0.12
T
-0.4
-0.3
-0.2
-0.1
0.0
Fs
Θ=103
Θ=100
Θ=10
Θ=1
J=0HaL
0.05 0.10 0.15 0.20
T
-1.5
-1.0
-0.5
0.0
0.5
1.0
F
Θ=103
Θ=100
Θ=10
Θ=1
J=1HbL
1 2 3 4 5
T
-100
-50
0
50
F
J=50
J=10
J=1
Θ=1HcL
Fig. 1: The free energies F of hairy black hole versus the temperature T in the Jordan frame.
In the Einstein frame. Now we generalize the above
discussions to the three-dimensional hairy black holes in
the Einstein frame. As shown in [23], the action (1) admits
the following solution
ds2 = −f1(H)dt2 + dr
2
f2(H)
+ r2
(
dψ + ω(H)dt
)2
,
f1(H) =
H2f(H)
(H+B)2 , f2(H) =
(H+2B)2f(H)
(H+B)2 , (29)
where the function f(H) and ω(H) read as
f(H) = 3µB2 + 2µB
3
H +
α2B4(3H+2B)2
H4 +
H2
l2 ,
ω(H) = −αB2(3H+2B)H3 . (30)
Here the parameter B is related to the scalar field
φ(r) = 2
√
2arctanh
√
B
H(r) +B
,
H(r) =
1
2
(
r +
√
r2 + 4Br
)
. (31)
From f(H) = 0, the horizon radiusH+ can be expressed
as H+ = B× h, where h is related to the parameters µ, α
and l [23]. Moreover, the corresponding thermodynamical
quantities of the rotating hairy black hole are obtained as
M =
J2(3h+ 2)2 + 36h2H4+
12h (3h+ 2)H2+
, Ω+ =
(3h+ 2)J
6hH2+
,
T =
(1 + h)
[
36H4+h
2 − J2(2 + 3h)2]
24pih2 (2 + 3h)H3+
, S =
4pihH+
(h+ 1)
,
C =
32pi2H4+h (2 + 3h)T
(1 + h)2[12h2H4+ + J
2 (2 + 3h)
2
]
,
Fr =
J2(3h+ 2)2 − 12h2H4+
4h (3h+ 2)H2+
. (32)
Notice that these expressions are similar to their coun-
terparts (11)(13)(16) for the hairy black hole in the Jor-
dan frame disclosed in fig. 1. This implies that the
static/rotating hairy black hole in the Einstein frame pos-
sesses the same thermodynamical properties, compared
with the static/rotating hairy black holes in the Jordan
frame. Moreover, there also exists a nonvanishing possi-
bility for a static/rotating hairy black hole to decay into
a static/rotating BTZ black hole. In other words, we find
that the black hole thermodynamical stabilities in both
frames are equivalent.
QNMs of electromagnetic field perturbations. –
In the Jordan frame. To reflect the thermodynam-
ical stabilities in dynamical perturbations, we calculate
the QNMs of electromagnetic field perturbations around
this hairy black hole. The electromagnetic perturbations
are governed by Maxwell’s equations
Fµν;ν = 0, Fµν = ∂µAν − ∂νAµ. (33)
As the background is circularly symmetric, it would be
advisable to expand Aµ in 3-dimensional vector spherical
harmonics
Aµ(t, r, ϕ) =

 P (r)S(r)
Q(r)

 e−iωt+imϕ, (34)
where m is our angular quantum number and ω is the fre-
quency. With the ansatz (5), we substitute the expansion
(34) into Maxwell’s equations (33), and obtain
Fϕν;ν =
d
dr
(
rN(r)ω(r)2 + rK(r)ω(r)
)
− d
dr
(
f(r)N(r)
r
)
+
ωr (mP (r) + ωQ(r))
r2f(r)
= 0,
F rν;ν = −mr2N(r)ω(r) +
(
mf(r)− ωr2ω(r))N(r)
− (ω +mω(r)) r2K(r) = 0,
F tν;ν =
d
dr
(rN(r)ω(r) + rK(r))
−m (mP (r) + ωQ(r))
rf(r)
= 0, (35)
where N(r) = imS(r)− dQ(r)dr and K(r) = iωS(r)+
dP (r)
dr .
Based on these equations, a second order differential
radial equation for the electromagnetic perturbation can
p-4
Title
be derived as 1
ψ′′(r) +
f ′(r)ψ′(r)
f(r)
+
[
(mω(r) + ω)2
f2(r)
+
1
4r2
− m
2
r2f(r)
− f
′(r)
2rf(r)
]
ψ(r) = 0, (36)
where the wavefunction ψ(r) is set to be a combination of
functions f(r), ω(r) and N(r)
ψ(r) =
f(r)
r1/2
ωN(r)
mω(r) + ω
. (37)
Defining the tortoise coordinate dr∗ = dr/f(r), the ra-
dial wave equation can be expressed as
∂2r∗ψ(r) + V (r)ψ(r) = 0. (38)
where the generalized potential V (r) is given by
V (r) = (mω(r) + ω)2 +
f(r)2
4r2
− m
2f(r)
r2
− f
′(r)f(r)
2r
.
At the AdS boundary r → +∞, the generalized poten-
tial V (r) diverges. Then, we need ψ(r) = 0 [39]. From
eq. (36), the incoming wavefunction ψ(r) near the horizon
reads as
ψ(r) ∼ (r − r+)− iκ4piT , κ = ω +mω(r+). (39)
Defining ψ(r) as ϕ(r)exp[−i ∫ κf(r)dr], where
exp[−i ∫ κf(r)dr] asymptotically approaches to the
ingoing wave near horizon, eq. (36) becomes
4r2f(r)ϕ′′(r) + 4r2ϕ′(r) [f ′(r) − 2iκ] + [f(r)− 2(2m2
+rf ′(r)) +
4r2((mω(r) + ω)2 − κ2)
f(r)
]
ϕ(r) = 0 (40)
so that ϕ(r+) = 1 in case of r → r+. Then we can
numerically solve eq. (40) and find the QNM frequencies
under the boundary conditions by adopting the shooting
method. The lowest QNM frequencies of perturbations
with m = 1 around this static and rotating hairy black
holes at T = 0.5 are shown in fig. 2. Fixing the angular
momentum, the imaginary parts of both QNM frequencies
become more negative with the increase of θ, and then al-
most remains unchanged when θ is big enough. Moreover,
the rotating hairy black hole with smaller values of J is
1For a massless scalar field perturbation around the three di-
mensional hairy black hole in the Jordan frame, the Klein-Gordon
equation is given by
1
√
−g
∂µ
(
gµν
√
−g∂ν
)
Ψ = 0.
Introducing the following ansatz for the field
Ψ =
ψ(r)
r1/2
e−iωt+imϕ,
the radial equation for scalar field perturbation takes the same form
as eq. (36).
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Fig. 2: Lowest QNM frequencies of electromagnetic perturba-
tions with m = 1 around hairy black holes at T = 0.5 in the
Jordan frame.
more stable, since the imaginary parts of QNM frequen-
cies are more negative. These results exactly reflect the
thermodynamic stabilities of the static and rotating hairy
black holes disclosed in fig. 1.
On the other hand, the QNM frequencies for BTZ and
hairy black holes with m = 1 are shown in fig. 3. One
can see that the numerical results of QNM frequencies
agree excellently with analytical ones [40] in (rotating and
static) BTZ black holes. Moreover, with the growth of θ,
the imaginary parts for a hairy black hole become more
negative, and then approach the curves of a BTZ back
hole. These results match the thermodynamical stability
analysis above.
In the Einstein frame. Now we calculate the QNMs
of electromagnetic field perturbations around this rotat-
ing/static hairy black hole in the Einstein frame. The
differential equation for electromagnetic perturbation in
the Einstein frame can be obtained as 2
ϕ′′(H) + ϕ′(H)
[
f ′(H)
f(H)
− 2iκζ
]
+
[
4B +H
4H(B +H)2
− m
2
f(H)
− (B +H)f
′(H)
2H2ζf(H)
+
(mω(H) + ω)2
f(H)2
− κ
2ζ2
f(H)2
+
2iB2ζ2κ
(B +H)3f(H)
]
ϕ(H) = 0 (41)
with
ζ =
(B +H)2
H(2B +H)
, κ =
(2 + h)h
(1 + h)2
(ω + ω(H+) .
Here function ϕ(H) equals to 1 in case of H → H+,
and vanishes at AdS infinity. By calculating numerically
eq. (41) under the boundary conditions, we find that, in
the Einstein frame, the behaviors of lowest QNM frequen-
cies are consistent with the thermodynamic stabilities of
these hairy black holes disclosed in figs. 4,5.
Conclusions and Discussions. – By calculating the
QNMs of electromagnetic perturbations, we found that the
2For a massless scalar field perturbation around the three dimen-
sional hairy black hole in the Einstein frame, it will be found that
the perturbation equation takes the same form as eq. (41).
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Fig. 3: Lowest QNM frequencies of electromagnetic perturbations with m = 1 for hairy black holes at T = 0.5 in the Jordan
frame.
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Fig. 4: Lowest QNM frequencies of electromagnetic perturba-
tions with m = 1 around hairy black holes at T = 0.5 in the
Einstein frame.
rotating hairy black holes with larger values of θ (in the
Jordan frame) or h (in the Einstein frame), and smaller
values of J can be more dynamically stable objects in
the canonical ensemble. The disclosed dynamical stabil-
ity properties are consistent with the thermodynamical
stability for these hairy black holes. On the other hand,
compared with the rotating hairy black hole, the rotating
BTZ black hole is dynamically more stable in both frames,
due to the fact that it has larger absolute imaginary QNM
frequencies. This property is again in agreement with the
fact that the rotating BTZ black hole shares lower free
energy and is more thermodynamically preferred. Similar
observations on the dynamical phenomenon and its rela-
tion to thermodynamics have been disclosed between the
static hairy black hole and its BTZ black hole counterpart
in both frames. Considering that the QNM is expected
to be detected and has strong astrophysical interest, we
hope that the dynamical probe can really present us the
observational signature of the thermodynamic property of
black holes.
Recently, Yun Soo Myung et al. [41] found that the black
hole (in)stability is independent of the frame which shows
that the two frames are equivalent to each other. Similar
equivalence of the Einstein and Jordan frames also ap-
peared in the Higgs inflation [42]. However, S.Bahamonde
et al. [43] found the frame dependence of F (R) gravity
singularities in Jordan and Einstein Frames. Moreover,
Faraoni et al. [44, 45] showed that, with some proper in-
terpretation, the two versions are actually equivalent at
the classical level, while inequivalent at the quantum level.
Here our present work provides a example to support the
claim of the equivalence of two frames by means of the
hairy black hole thermodynamics and corresponding dy-
namical properties in both frames. However, whether the
two versions of STT are equivalent or not in the classi-
cal gravity is still generates plenty of controversy. This
deserves research in further.
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